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1. Introduction

In situations where string theory accounts for black hole thermodynamics in quantitative
detail the microscopic theory is a conformal field theory describing the bound states of
various branes. Schematically, we can write an equivalence between black hole and CFT
partition functions:

ZBH = ZCFT . (11)

The early successes in establishing (D) involved matching the large charge asymptotics of
the two sides. In the last few years there has been much work (including [l - []) on refining
this identification to include the sub-leading asymptotics as well. On the black hole side this
requires the inclusion of higher order spacetime effects, such as higher derivative corrections
to the action. In favorable cases one has sufficient control to compute both sides of ([L.1)
beyond leading order and verify that the equality is upheld [fl-F.

The identification ([L.1]) is most naturally viewed as an example of the AdS/CFT corre-
spondence. This interpretation is possible because the near horizon geometry of the black
holes considered is locally AdSs [f]. The AdS/CFT point of view explains, for example,
why the partition functions of the black hole and the CFT agree in their leading expo-
nential dependence. Our working assumption is that the AdS3/CFTy correspondence is
responsible also for the more detailed agreements seen when additional higher order space-
time effects are taken into account. Although there are ways that this assumption could
fail (for example, by AdSs playing an essential role) it seems rather conservative to us.

The leading exponential behavior of the partition function at high (left or right moving)
temperature is determined by the central charge. In [[]] we showed that central charges
on the two sides must agree due to cancellation of local anomalies. The argument is an
adaptation to the AdS/CFT correspondence of the anomaly inflow mechanism explained
in [f]] (see also [§]). Since it is the exact central charges that agree, higher derivative
corrections are taken into account. In particular small black holes (with vanishing classical
area, corresponding to vanishing central charge at the leading order) can be considered;
and the agreement also extends to non-supersymmetric and near extremal black holes.
The significance of the anomaly approach is that it is robust, since anomalies are captured
completely by a single term at one loop order. In this way we can bypass the need to
determine all the explicit higher derivative terms in the spacetime action.

In this paper we develop spacetime aspects of the relation ([.1)) in more detail and
show how to compute the left hand side to an accuracy that extends beyond knowing the
central charge. A key point is that Chern-Simons terms dominate the theory close to the
boundary of AdSs. This motivates us to develop Chern-Simons theory carefully in the
spirit of the AdS/CFT correspondence and holographic renormalization. In particular, we
systematically derive the boundary stress tensor and currents by studying the bulk theory
in the presence of appropriate sources. We also consider the spacetime implementation of
modular invariance and spectral flow in detail, and we make precise statements about the
lattice of currents corresponding to particular string theory realizations.

A major precursor to the present work is the “Farey tail” [fJ]. These authors showed
that the elliptic genus of the D1-D5 system admits an expansion that is highly suggestive of



a supergravity interpretation in terms of a sum over geometries. One of our main objectives
is to give a more first principles derivation of the gravitational side of this story. Another
primary goal is to extend all this to the N’ = 2 context, which is more sensitive to higher
derivative terms and other higher order spacetime effects, and has been the subject of much
recent discussion. We set up our formalism so that we can consider the N' =4 and N = 2
cases in parallel. The end result is that we can give a coherent formalism for computing
partition functions from the spacetime point of view.

An important stimulus for the recent interest in this subject was the OSV conjecture
that the black hole CFT is related to the topological string through

do 7 ol
ZCFT(pI7QI) :/g Wtop(XI :pl‘i‘ ?ﬁ[)\ze o (1-2)

Much of the work in analyzing ([.7) has taken the approach of keeping only higher
derivative F-terms in a near horizon AdS; x S2. There is clearly a lot that is right about
these conjectures but many details remain confusing. For example, the measure of the
integral in ([.9) is unspecified and the right hand side is defined only perturbatively. Also,
since OSV interpret each of the expressions ([L.1)-(.3) as an index, it is not clear why
Wald’s entropy formula applies. We will not resolve all these issues here but we will give
further evidence that the AdS3/CFTy correspondence is a useful setting for addressing
them.

We have recently learned that several related works on the OSV conjecture and the
Farey tail are in progress [I(, [[1]. Although there is some overlap, our work is comple-
mentary in that we emphasize the spacetime issues brought up by the AdS/CFT corre-
spondence, and the general aspects of the problem. We also pay particular attention to
situations with enhanced supersymmetry, such as M-theory on K3 x T2.

This paper is organized as follows. We begin in section f| with a brief review of the
elliptic genus from a CFT point of view. In section f we introduce the ingredients we
need in our supergravity approach, with particular emphasis on gauge fields. Section [
contains several simple but important examples that illustrate the approach. In particular
we reconsider the computation of the black hole entropy in the saddle point approximation.
In section ] we turn to our main interest, laying out the strategy for computing the full
elliptic genus from supergravity. In carrying out the computation we consider first, in
section fi, the supergravity contributions, and next, in section [j, the contributions from
wrapped branes. Finally, in section f§, we combine the various pieces and discuss the result.

2. Review: partition functions in CFT

We begin by reviewing the definitions and properties of the CF'T partition functions that we
will be trying to reproduce from supergravity/string theory. Our discussion here parallels
that in [g; also useful are [[[3, [[J]. The focus will be on theories with either (4,4) or (0,4)
supersymmetry, though in fact replacing any of the 4’s by 2’s makes almost no difference.
We make reference to the two chiralities of the CFT with the convention (holomorphic,
anti-holomorphic) ~ (left,right).



Besides the Virasoro algebras, we play close attention to U(1) and R-symmetry cur-
rent algebras. We write out the relevant formulas for the holomorphc currents; the anti-
holomorphic currents are included by making the obvious substitutions. We write U(1)
current algebra OPEs as

I J k‘IJ
j j ~— 2.1
PO ~ g (21)
and the SU(2)r current algebra OPEs as
i j k 1 Z k

J'(2)J7 (0 )~2—5]+ J 0) . (2.2)

The leftmoving central charge of the theory is
c =6k . (2.3)

In terms of the usual expansion of the currents in modes j. and J{, the commutation
relations with the Virasoro generators L,, are

[Lins Ln] = (m = 1) L s + ~5 (m® = 10)0 4

12
[ m,]n] = _njm+n )
[Jma]n] = %mkIJ(Sm—i-n )
[Lm?‘]rzz] = _n‘]:n—i—n )
[Tas T3} = 3mkbmnd™ + i€ijif s - (2.4)

When we refer to “charges” we will mean

Jo=2J3, Iher,
T=25, (2.5)
in a basis that diagonalizes the operators.

The combined Virasoro/current algebras admit the following spectral flow automor-

phisms:

Ly — Lo+nJo+kn*,
Jo — Jo+ 2kn, (26)

in the SU(2) case, and

Lo — Lo+nrg" + k" nmy
¢ =g +2Yn;, (2.7)

in the U(1) case. Integer n preserves fermion periodicities, while half-integer 7 interchanges
the NS and R sectors. There is an analogous statement for the 7!, depending on the relevant
charge lattice, ¢! € T



2.1 Elliptic genus

To define the elliptic genus we introduce potentials for the charges Jy and ¢’. Since these
charges appear symmetrically, it is natural to relabel the R-charge as

qo = JO ) (28)

so that T = 0,1,2,.... We also extend the definition of &’/ such that k% = k, k%/>0 =
kI>0,0 — (.

The elliptic genus is now defined as!

X(7,21) = Trrr eQm‘T(Lo—c/m)e—zm?(io—e/m)ezm'z,qf(_1)F] _ (2.9)

Only rightmoving ground states, with Ly — ¢/24 = 0, contribute, so the elliptic genus
does not depend explicitly on 7. On the other hand, all leftmoving states can contribute.
The elliptic genus is invariant under smooth deformations of the CF'T. This follow from the
quantization of the charges and of Ly — Lo, together with the fact that only rightmoving
ground states contribute.

In certain cases relevant for AdS/CFT the index defined in (R.9) vanishes, and one
needs to consider a modified index by inserting a factor of F? [[4]. An example is for
the case of the (0,4) CFT of wrapped M5-branes, where the vanishing comes from the
contribution of the center of mass multiplet. As we’ll discuss later, the center of mass
degrees of freedom are absent in the AdS description, and so from the bulk point of view
we can compute the index as defined in (B.9) and obtain a nonvanishing result. What we
will not discuss here is the precise relation of this bulk index to the modified CFT index,
although this clearly deserves further study.

We now state the main general properties of the elliptic genus.

Modular transformation

at+b  zs oi 2>
= er+d 2.1
(L ) = () (210)
where we define
2 =klz225 . (2.11)

Note that ¢ in (R.10) is not the central charge!

In Appendix A we review the proof of (R.1(]). It is most easily understood in terms of
the relation between the Hamiltonian and path integral expression for the elliptic genus.
There is a natural modular invariant path integral expression, but the Hamiltonian corre-
sponding to this action differs from that appearing in the exponential of (2.9). The modular
transformation of this extra factor yields the prefactor in (R.10).

Spectral flow
The spectral flow automorphisms imply the relation

X(7, 21 + €57 + my) = e 2TETHD (7 2y (2.12)

'In the (0,4) case RR is replaced by R.



where m obeys myq! € Z, and we defined 2 = k!0, 0 - 2 = k' 0;2;.
This also implies that if we expand the elliptic genus as

I

X(Ta ZI) _ Z c(n,rl)e27rim—+27riz1r , (213)

n,rl

then the expansion coefficients are a function of a single spectral flow invariant combination:

702

c(n,r!) = ¢(n — Z) . (2.14)

Here we defined 2 = kryr'r’, where ks denotes the inverse of k7.

Factorization of dependence on potentials

We can explicitly write the dependence of the elliptic genus on the potentials zj.
The intuition behind this is that we can always separate the CFT into the currents plus
everything else, and the current part can be realized in terms of free bosons. We have:

X(zr) = D hu(1)Ou(72r) (2.15)
ol
with
Oun(r,2r) = X2, €% Wt 2hn)® g2miz Gl +2k ). (2.16)

We are using the shorthand notation
(1 + 2kn)* = kry (" + 28" n) (” + 267 L) (2.17)

The combined sum over u! and 77 includes the complete spectrum of charges. The
sum over 7y corresponds to shifts of the charges by spectral flow, and so the sum on puy is
over a fundamental domain with respect to these shifts.

NS sector elliptic genus
Using spectral flow, we can alternatively write the elliptic genus in the NS sector. In

particular, by performing a half-integer spectral flow on the R-symmetry charges, we obtain

672m'kz0

XRR(T, 20, 21) = XNs,Ns(T, 20 — 37, 21)

. o =(f. _ L7 0 I
XNS,NS(Ta ZO,ZI) _ TrNS,NS 627rz7'Lo6 27T (Lo 2J0)627rz(zoq +z1q )(_1)F , (218)

where in the above I = 1,2,.... xngng receives contributions from chiral primaries,
Ly — %Jg = 0. These chiral primaries are, as usual, the spectral flows of R ground states.

Farey tail expansion

The main observation of [J) was that upon applying the “Farey tail transform”, the
elliptic genus admits an expansion that is suggestive of a supergravity interpretation in
terms of a sum over geometries. We will essentially state the result here, referring to [
for the detailed derivation.

The properties (2.10) and (R.12)) are the definitions of a “weak Jacobi form” of weight
w = 0 and index k. Actually, the definition strictly applies when k is a single number

rather than a matrix, but we will still use this langauge.



The Farey tail transformed elliptic genus is

1 1 9?2

3/2
W = (gt~ 1) ) 219

where (9? = k150,,0.,. X is a weak Jacobi form of weight 3 and index k, and admits the

expansion
_ e 1 ar+b 2z
X =e 7 X 2.20
! oo\l
with ,
X(1,21) = e%zﬂ7;7m,mé(m,MI)eQM(m_iNQ)T@%k(ﬂ 1) (2.21)

and ©,, (7, zr) was defined in (2.1¢). The hatted summation appearing in (R.21)) is over
states with m — % p? < 0. From the gravitational point of view these will be states below
the black hole threshold and the sum over I'y, \ ' then adds the black holes back in. In
mathematical terminology (B.21]) defines ¥ as the “polar part” of the elliptic genus. The
coefficients &(m, u!) in (R.21)) are related to those in (R.13) by

2 2
ém. ') = (m— o) 2e(m — o) | (2.22)

as follows from (R.19) and from using (R.14). The main point is that the transformed
elliptic genus x can be reconstructed in terms of its polar part x.

2.2 General partition function

If we include potentials for both left and right moving charges we define a partition function
that receives contributions from all states of both chiralities. This object is no longer
invariant under deformations of the CFT, and we have little hope of computing it exactly.
Nevertheless, we can infer some general properties, and do an approximate computation in
the regime of weakly coupled supergravity.

We define
Z(r,21;7.%1) = Trrp [GQM‘T(LO—C/M)e—2nﬁ(io—e/z4)62mz1q1e—zm'zqu] . (2.23)

The properties of the elliptic genus that we reviewed above all have their obvious analogs

for the partition function (2.29).

3. Supergravity analysis: preliminaries

Having reviewed the definitions and properties of the CFT partition functions, we now turn
to their study in supergravity. The CFTs in question are dual to string theories on AdS3
times some compact space. In general, these theories have all manner of complications
from higher derivative terms and massive string/brane states. Fortunately, for computing
the elliptic genus not all of this information is necessary, and we can get remarkably far by
taking advantage of all the symmetries, and by carefully studying the long-distance part



of the theory. The remaining input which will still be needed to complete the calculation
is the spectrum of massive string/brane states, which can be computed exactly in certain
cases. We proceed step-by-step, upward in energy scales. We start with the low energy
effective action where the relevant massless fields on AdSs are the metric and a collection of
gauge fields. Later we discuss supergravity Kaluza-Klein modes and finally nonperturbative
states.

3.1 Gravity action

The action for the metric is
S, :L/d?’m\/g(R—E)Jr/d%Qg(r)Jri d2x\/§<TrK—l>+....
I 16mG 2 e 14

(3.1)
We work in Euclidean signature. The second term is a gravitational Chern-Simons term,
Q3(T) = g Tr(Tdl + %F?’). It plays a crucial role in theories with ¢ # ¢ (specifically, ¢ — ¢ =
9673) and its effects were studied in [§]. The next terms are the Gibbons-Hawking and
boundary counterterms that are standard for gravity in asymptotically AdSs spacetimes.

0AdS

Also indicated by the ... are the higher derivative terms that are present in string theory
constructions. Although these certainly contribute, even without knowing their precise
form we can incorporate all their effects provided we carefully implement all symmetries
and anomalies.

The statement that the metric is asymptotically AdS3 means that it takes the Fef-
ferman-Graham form

ds* = dn® + eQn/Zgggda@adxﬁ + gfﬁ)dxadxﬁ +.... (3.2)

(0)

Here 9op is the “conformal boundary metric”. The boundary stress tensor is defined by
computing the on-shell variation of the action with respect to the conformal boundary

metric [[I5]
1 0)
08 = —/ d2x\/g(0)Taﬁég( , 3.3
2 Joads o (33)

yielding

rTav 1 . .
Tagﬁ ey <g((125) — Tr(g(Q))géog) + (higher deriv.) . (3.4)

We added the grav superscript because the stress tensor also receives a contribution from
the gauge fields discussed in the following.

3.2 Gauge field action

Leftmoving SU(2) currents

Next, consider the gauge fields. Associated with 4 left or right moving supercharges is
an SU(2) current algebra that is realized in the bulk by SU(2) gauge fields. The SU(2)
gauge fields have a Chern-Simons term as the leading long-distance part of the action,



with a coefficient related to the level of the current algebra. See [[L6, [[7] for some relevant
earlier work on Chern-Simons theory. For the leftmoving gauge fields we write
ik 3 2 3 bnd

Sgauge = o d’z Tr(AdA + §A ) + Sgauge s (3.5)
with A = A“%. From a higher dimensional point of view, the SU(2) gauge fields can
be thought of as being associated with the isometries of a sphere, and the Chern-Simons
term (B.§) can be derived by dimensional reductiion [I§]. Invariance of the path integral
under large gauge transformation fixes k to be an integer, and we’ll rederive below the
standard fact that k is the level of the boundary current algebra. Supersymmetry relates k
to the leftmoving central charge as ¢ = 6k. The boundary term indicated in (B.§) and given
explicitly below is necessary in order that the currents have only leftmoving components.

The gauge fields admit the expansion

A=AO f e/t (3.6)

and we choose the gauge A, = 0. Analysis of the field equations (including the effect
of Maxwell type terms) shows that A© is a flat connection; that is, the field strength
corresponding to (B.6) falls off as e=21/!. The boundary current is obtained from the
on-shell variation of the action with respect to A©)

i
65 = — / Py g© JeesADe 3.7
271 Joads g (3.7

We expect the boundary current corresponding to SU(2)r to be purely leftmoving. In a
general coordinate system this amounts to the imaginary anti-self dual condition xJ = —i.J,
with x defined with respect to géog_ (The opposite sign holds for the rightmoving case).
However, the variation of the action (B.5) does not give a purely leftmoving current unless

we take the boundary term as

k
Shndy = — — / d? B A2 A% 3.8
gauge 167 DAdS w\/gg a‘1s ( )

This yields the imaginary anti-self dual current

Jo = EAD —ie AP . (3.9)

In conformal gauge, gg)ﬁ) dz®dz? = dwdw, we find

JE=0. (3.10)

This is an exact expression for the current, uncorrected by the higher derivative terms in
(B-3), because of the flatness of A(?). This will be important.

An equivalent way to motivate the boundary term (B.§) is to demand that in the
variational principle we only fix boundary conditions for Ag)a and not AEB e Fixing both
components is too strong in that there will typically not be any smooth solutions in the



bulk with the chosen boundary conditions. The condition that the variation of the action
takes the form 4S5 ~ f Jw(SA%]) then leads to the same conclusions as above.

Rightmoving SU(2) currents
The rightmoving gauge fields are described by the action
S ik /d3 Tr(AdA + 2[13) k / d*x\/gg*P A2 A4 (3.11)
auge = — x Tr = - — T aAG . .
gauge = o 3 167 Jouas VI 5

Note that the Chern-Simons term appears with an opposite sign from (B.§), and the bound-
ary term was fixed by demanding that the current be purely rightmoving:

Jo = EAD el 4D (3.12)
or .
Jo=0, J.= %A(@”“ . (3.13)

Gauge field contribution to stress tensor

The gauge field boundary terms are metric dependent and hence contribute to the

stress tensor as:2

auge k a a a a =z
759" = (AP AD" — LA0= 400y (6, 4) = (&, 4)] (3.14)
or
Tgauge _ ﬁA(O)aA(O)a_FﬁA(O)aA(O)a
ww QW w 8~7T w w
R YUY ST
8w 8w

p9auge _ poauge _ (3.15)

The index (0) on the gauge field reminds us that boundary expressions strictly refer
to just the leading term in the Fefferman-Graham expansion (B.g) for the bulk gauge field.
In the following we will reduce clutter by dropping this index.

U(1) currents

Besides the SU(2) currents, we will typically have some number of left and right moving
U(1) currents. Only those gauge fields that appear in Chern-Simons terms will contribute
to boundary currents. The Chern-Simons term has the form S ~ [C!/A;dA;. By a
change of basis we can put C!7 in block diagonal form,

o= (k" o0 k), (3.16)
where k77 (/;:I 7Y has positive(negative) eigenvalues. We then write the relevant part of the
action as

. o 1 o
§=_" / Bz (K7 ArdAy — k7 AjdAy) — —— / Bx/g9"° (k' Ar Agg+ k" A Ayp)
8 167 OAdS

(3.17)

2The variation of the metric is computed while holding fixed the lower components of the gauge fields.

,10,



We combine this with the SU(2) gauge fields as follows. We will be considering solu-
tions in which in which only the @ = 3 component of A% and A is nonvanishing. Then,
so far as getting the correct currents is concerned, these can thought of as U(1) currents,
and can be incorporated in (B.17) by extending the I indices to include I = 0 with

AP Z Ay, A® A, (3.18)

With this in mind, we can now take (B.17) as our general gauge field action. We will write
it in condensed form as

: o . o
5= / Pz (AdA — AdA) — — / 2[99 (AaAp + Ay Ap) | (3.19)
8w 167 Joads

where the appropriate index contractions with &’/ and k17 are implicit.
In conformal gauge, the gauge fields contribute to the currents and stress tensor as,
1

T9auge _ —A _A2
ww 8T 87‘(’
1 12
Tow’ = 8—7714@ + 8_7_(_*’4@ ;

gauge __ rmgauge
Tww Tﬁw =0 ’

i =5k A TE=0,

w
L v (3.20)
Again, the appropriate contraction of indices is implicit.
3.3 Anomalies
The currents defined in (B.20) satisfy
Ol = %k”&wA Jw s
D JL = %/Z:”awijw , (3.21)

where we used flatness of the boundary potentials. By comparing with the chiral anomalies
of the boundary CFT, we see that k;; can be identified with the k;; matrix appearing in
Section P (and similarly for kr 7). Since they are related to chiral anomalies, for a given
string/brane realization of the AdS3 geometry we can compute kr; and krs exactly. By
the anomaly inflow mechanism, one further knows that they must agree with their CFT
counterparts, otherwise there will be an inconsistency in coupling the string/brane system
to bulk fields. We refer to [[] for the detailed story.

3.4 Charges

Charges are defined as contour integrals around the AdSs boundary cylinder. We work
with the complex boundary coordinate w = w + 2w. The U(1) charges are then

A =2 ST =i Sk A
211

dw -1 ~
~J 71 I1J
= -2 74 = 7{ DR A W 3.22
9 o2mg v 27 7 ( )

— 11 —



where the factors of 2 were included to agree with our convention in (R.§). Similarly, the

Virasoro zero mode generators are’

1
Lgauge _ %dw T{Z?nge — 8_ fdw A%U s

s

N 1 i
Lgauge — %d@ T%uge — 8_ %d@ A121} X (323)

us

More generally, we can define all the modes of the currents, J!

», and stress tensor,

L, by inserting factors of w" into the above integrals. These modes then satisfy the
commutation relations in (R.4).

3.5 Spectral flow

Spectral flow corresponds to a constant shift in the gauge potentials. This is equivalent
to shifting the periodicities of charged fields. In the presence of a nonzero potential, the
holonomy associated with a charged particle taken around the AdS3 boundary cylinder is

1.
et $dwAn (3.24)

so that the shift,
Alw - Alw + 277[ ) (325)

introduces the phase factor ¢2™' 7 The factor of 1 in the exponent of (B:24) came from
our definition of charge (3.29).
Under the shift ([B.25) we have,

Lo — Lo+niq" + k' nmy

¢ = ¢+ 2k, (3.26)

in agreement with (R.7). We also have the analogous formulas for a rightmoving spectral
flow.

While we can perform a spectral flow with respect to any of the U(1) currents, the
terminology is often reserved for the R-symmetry. Recalling that the R-symmetry charge
is q°, such a spectral flow correspond to 79. We pass back and forth between the NS

and R sectors by flipping the periodicity of the supercurrent; this corresponds to taking
nO:m—i—%,withmeZ.

4. Supergravity analysis: explicit examples

Before considering the computation of partition functions we illustrate the above results
with some simple examples.

%Note that our normalization of the stress tensor differs by a factor —27 from the standard CFT definition

in, e.g., [@]

- 12 —



4.1 NS-NS vacuum

The NS-NS (or simply NS in the case of (0,4) susy) vacuum is invariant under SL(2,R) x
SL(2,R). In other words, it is invariant under the full group of AdSs isometries, which
means that it is precisely global AdSs,

dr?

2 _ 2 /242 7,2
ds® = (1+r*/€*)07dt +1—|—r2/€2

+ r2dp? . (4.1)

The contractibility of the ¢ circle forces the fermions to be anti-periodic in ¢. Invariance
under the isometry group means that this geometry has

Lo=1Lo=0. (4.2)

4.2 Spectral flow to the R sector

As described at the end of section B.H, to get R sector geometries we take the geometry

7)) with

Apw =1, (4.3)

and fermions to be periodic in ¢. The gauge field contribution (B.If) increases the stress
tensor from ({.3) to

k c
Log=—~ = —. 4.4
0= 3 (4.4)
Since the charge (B.29) is
P =k= g , (4.5)

this is the maximally charged R vacuum state. To get the maximally negatively charged
R vacuum we flip the sign in ({.J). The rightmoving side is treated analogously.

4.3 Conical defects

A more general class of RR vacua are the conical defect geometries [R0, R1]. For these we
take

1 r2 dr?
ds® = (3= + 6—2)£2dt2 + 4 t r2de? |
(N2 g2)
- 1
A w — A T — AT s 4
0 0 N (4.6)

with V € Z. The angular coordinate ¢ has the standard 2m periodicity, and fermions are
taken to be periodic in ¢.

To read off the Virasoro charges we just note that by rescaling coordinates all these
geometries are locally equivalent to the N = 1 case discussed above in section 4. In the
N =1 case the stress tensor vanishes, and it will clearly continue to vanish after rescaling
coordinates. Thus (f.4) still applies and so Lo = % and Lo = % as before. The R-charge is
read off from (B.22)

(4.7)
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Upper and lower bounds on N are given by the quantization of R-charge. For example, in
the D1-D5 case, the condition that ¢°, §° are integral gives |[N| < Ny N5 since k = k = N1Ns.

These conical defect geometries are singular at the origin unless the holonomy is +1,
which corresponds to N = +1. In the context of the D1-D5 system, the singular geometries
are known to be physical in that the singularity corresponds to the presence of N coincident
Kaluza-Klein monopoles. Another way of viewing this is that these singular geometries are
special limits of the much larger class of smooth RR vacua geometries that have been
heavily studied in recent years [R2, Rd].

We also note that any of the RR-vacua in () can be spectral flowed to the NSNS
sector to give chiral primary geometries.

4.4 Black holes

We now consider black hole geometries, and give a simple derivation of the entropy of
charged black holes that incorporates higher derivative corrections. This is a slight refine-
ment of our earlier work [[f]. We use the well known trick of relating black holes to thermal
AdS by a modular transformation; the main novelty here is the inclusion of charge and
higher derivative corrections.

The starting point is global AdSs, as in ([.1]). The complex boundary coordinate is
w = ¢ +it/l, and we identify w = w + 27 = w + 277. To add charge we also want to turn
on flat potentials for the gauge fields. Now, the ¢ circle is contractible in the bulk, so to
avoid a singularity at the origin we need to set to zero the ¢ component of all potentials.
We therefore allow nonzero Ay, = —Ag, and Apg = —Apy.

What is the action associated with this solution? From the discussion in section [ we
know the exact expressions for the stress tensor and currents

Tpw = —— 4+ — A2 4 — A2
ww 8T + 8r v + 8r W’
k 1 1
T o= ——— 4 — A2 4~ A2
ww 8T + 8 v + 8r W’
A
JL = %l%”!lm. (4.8)

To obtain the exact action from these formulae we need to integrate the equation

65 = / 224/ g0 <T°‘56( LU graga a). 4.9
DAdS 27 ! (4.9)

In doing so, let us first note that the conformal gauge used hitherto fixed the conformal
boundary metric as dwdw and encoded the conformal structure in the periodicities of the
coordinates. To exploit ([.9) it is advantageous to define a new coordinate z

1—T 1 —T

z = —w — w , (4.10)

T—T T—T
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with fixed periodicity z = z 4+ 27 = 2z + 2mwi. In terms of this coordinate the conformal
structure is encoded in the metric

1_ . 1 . 2
dsQ:dwdw:‘ 2”dz+ J;”dz

(4.11)

Using the new coordinates to compute the variations 59((106) with respect to 7 and 7, and

also transforming the z and Zz components of 7%? back to the original coordinates, we can

rewrite ([.9) as
5S = (2m)% [—Tww& + Toad7 + 2 JL5 A + Ejgmm} . (4.12)
i T

const
The const subscript indicates that we keep just the zero mode part. Inserting ([.§) into
this equation we can now integrate and find our desired action as
ik ink ~

A simpler derivation of this result is to just compute (f.§) by directly evaluating the
action on the solution. The gauge field contribution just comes from the boundary term
(B.§). The reason we proceeded in terms of (J.9) was to emphasize that the result ([L.§)
is exact for an arbitrary higher derivative action, and also because we will generalize this
computation later.

The result ([.§) is the action for the AdS3 ground state with a flat connection turned
on. Next, we perform the modular transformation 7 — —1/7 in order to reinterpret the
solution as a Euclidean black hole. This is implemented by

w — —w/T, A[m — —7_'A[@ , A[w — —Tzzj.jw . (4.14)

The action is of course invariant since we are just rewriting it in new variables. Using
7/7 = 1 — 2iy/7 and introducing the potentials z = —iTo Ay and 2 = imA,, (defined in
equation A.7) we can present the result as

itk irk B 2miTs A2 . omiTy A2

=—— 4 — AZ 4 A2
S or o= - = + 7TT2( w T w)
itk imk  2miz® 2w m, .
= —— 4+ = - = 22 . 4.15
2T * 27 * T T 7'2( +%) ( )

This is the Euclidean action of a black hole with modular parameter 7 and potentials
specified by z and Z.

Our result (4.19) is the leading saddle point contribution to the path integral. As we
discuss in appendix A, the standard canonical form of the partition function, defined as a
trace, is related to the path integral as

7 =B gy EE T s 419

The exponential prefactor cancels the last term in (JL.15) so that

mz=2"2 T -
2T 2T T T

itk ik 2miz? N 2732 | (4.17)
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on the saddle point. We define the entropy s by writing the partition function as

7 — ese2ﬂiT(Lofc/24)6727m?(l~/075/24)e27rizjq16727ri21q1 7 (4.18)

where we assume that Z is dominated by a single a single charge configuration with, e.g.,

I _ 1 0

Putting everything together we read off the black hole entropy as

C C C =~ C

1 G 1
— 2m1 ) S(Lo — — — =2 2\/—L————”2. 4.1
s 7T\/6(0 5~ 14t 6(0 51 4Q) (4.19)

The expression (fl.19) gives the entropy for a general nonextremal, rotating, charged, black
hole in AdSs, including the effect of higher derivative corrections as incorporated in the

central charges. Since we used the saddle point approximation the formula is only valid
£ -
next section. It is striking that we have control over higher derivative corrections to the

to leading order in Ly — %@2; including the subleading contribution is the topic of the
entropy even for nonsupersymmetric black holes. In earlier work [[] we explained this in
terms of anomalies, and showed that (J.19) is in precise agreement with the microscopic
entropy counting coming from brane constructions.

5. Computation of partition functions in supergravity

Let’s now look at the supergravity computation of the elliptic genus
X(7,21) = Trpr eQm‘T(Lo—c/m)e—27rﬁ(io—5/z4)eQm’z,qI(_1)F] . (5.1)

Once we understand this it is straightforward to incorporate potentials for the rightmoving
charges ¢’, if desired. We’ll consider both the Hamiltonian and path integral approaches,
which, as explained in Appendix A, are useful for making manifest the behavior under
spectral flow and modular transformation, respectively. In keeping with the Farey tail
philosophy [H], we will explicitly compute the contribution to the elliptic genus from states
below the black hole threshold. With this in hand, black holes are included by the con-
struction (R.2().

5.1 Hamiltonian approach

In the Hamiltonian approach we need to enumerate the allowed set of bulk solutions and
their charge assignments. For the elliptic genus we consider states of the form (anything, R-
ground state), which have Loy = %. There are three classes of such states: smooth solutions
in the effective three dimensional theory; states coming from Kaluza-Klein reduction of the
higher dimensional supergravity theory; and non-supergravity string/brane states. Some
members of the first class were discussed above, and we consider the other types of states
later.

Just as was done in the CFT approach (R.15), it is useful to factorize the dependence
on the potentials. In the gravitational context it is manifest that the stress tensor consists
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of a metric part plus a gauge field part. Suppose we are given a state carrying leftmoving

charges
c
(LO - ﬁ,ql) = (muul) : (52)
We can apply spectral flow to generate the family of states with charges
¢ I 1J Lo, 1 2
Lo— 5, =m+mnq + k" nmy=m—p +Z(M+2/€77)
q' = p'+ 2k ny (5-3)

where we are using the same shorthand notation as in (.17). This class of states will then
contribute to the elliptic genus as

X(r,21) = (=1)Femittm=31)Q , (7, 2/) (5.4)

in terms of the ©-function (R.16). Each such spectral flow orbit has a certain degeneracy
from the number distinct states with these charges. We call this degeneracy c(m — % u?),
where the functional dependence is fixed by the spectral flow invariance, and we also include
(—l)F in the definition. We can now write down the “polar” part of the elliptic genus, that

is, the contribution below the black hole threshold: m — % p? < 0. We then have

1

/ .
X(rzr) = elm = 3n)Ouu(r, 2r)e? i (5.5)

In the Hamiltonian approach it is easy to write down the polar part of the elliptic genus
in terms of the degeneracies ¢(m — i u?2). But the full elliptic genus also has a contribution
from black holes, and these are not easily incorporated since black holes do not correspond
to individual states of the theory. To incorporate black holes we need to turn to a Euclidean
path integral, as we do now.

5.2 Path integral approach

In the path integral approach we sum over bulk solutions with fixed boundary conditions

xpi(T,21) = Z e . (5.6)

The action appearing in (.9) is the full string/M-theory effective action reduced to AdSs,
though we fortunately do not require its explicit form to compute the elliptic genus. In
particular, in (5.6) we only sum over stationary points of S since the fluctuations have
already been incorporated through higher derivative corrections to the action.

The boundary conditions on the metric are that the boundary geometry is a torus
of modular parameter 7. z; fix the boundary conditions for the gauge potentials. As
explained in Appendix A, the relation is, in conformal gauge,

A = 2L (5.7)

T2

Ary is not fixed as a boundary condition. Since the potential Z; is set to zero in the elliptic
genus, we also have the boundary condition

Ay =0. (5.8)
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Now we turn to the allowed values of Ay, and fl[m. The allowed boundary values
of Ay, are determined from the holonomies around the contractible cycle of the AdSs
geometry. Recall that when we write w = o1 + i09 we are taking o; to be the 27 periodic
spatial angular coordinate. The corresponding cycle on the boundary torus is contractible
in the bulk, and so any nonzero holonomy must match onto an appropriate source in order
to be physical. The holonomy of a charge ¢! particle is

1

. 1.
eilqlfdalAlol _ €§Zq1 fdol(AquLA]m) ) (59)

Choosing a gauge with constant Ay,,, we write the allowed values as
Arw = krgp + 201 — — . 4mEL, (5.10)
2

where we have written the charge of the source as .
In the same way we can determine the allowed values of Ar. In this case we know
that only geometries with Ly — ﬁ = 0 contribute to the elliptic genus, and so we do not

include the spectral flowed geometries as we did above. Instead, we just have
A = kit . (5.11)

Given the gauge fields, we know the exact stress tensor (B.23) and also the exact
currents (B.10) and (B.13). We can therefore find the action by integrating

1 i
5S = /g0 [ =T%6590) + — %54y,
/8AdS Ve <2 9o T o !

= (2m)% [—Tww(;T + Tpad7 + 2JL5 A + ngm,w] , (5.12)
T s

const

as in section @ The result is

. C P~ C
S = —2mir(L§"™ — ) + 2mim (L™ — )
_% [7A2 + FAZ + 27 A, Ay + % [T;@U FFAZ 4 QTAw/I@] . (5.13)

In verifying that (5.13) satisfies (5.13) one has to take care to consider only variations con-
sistent with the equations of motion and the assumed boundary conditions. We maintain
fixed holonomies by taking 6 Ar, = —0Aw and 8A1, = —8Ag. Also, the variation of the
complex structure must be taken with the gauge field fixed in the z-coordinates introduced

in (0.
The result (5.13) for the action agrees with ([.§) when the geometry is in the ground
state where Ay, = —Ajgz and /Nllw = —fl]@, but it is valid also more generally in the

presence of charged sources. In fact, it is equivalent to the Hamiltonian result discussed
in section p.J. To see this we consider again the charge assignments (b.9). Writing Lo =
L™ + L™ = LY + L14% (and analogously for Lo) we insert into (5.13) and find

1 1T 22

S = —2mit(m — Z,u2) - 7(,11 + 2kn)? — 2mizp (uf + 261 n,) — = . (5.14)
T2
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Summing over the geometries below the black hole threshold we find
/ - / 1 2\ _—S
Xpi(T,21) = me c(m — aH Je

22 ’ 1 )
LEY = oyt et b

7\'22

=e 2 Y(1,21), (5.15)

where x’ is the Hamiltonian result (f.5). As discussed in Appendix A, the overall expo-
nential factor is precisely the one we expect.

5.3 Including black holes

Black holes are readily included in the path integral approach since they are just rewritten

versions of solutions below the black hole threshold. Taking a solution below the black

aw—+b
cw+d

Using the manifest invariance of the action under such coordinate transformations, the

threshold and performing the coordinate transformation w — generates a black hole.

contribution of such a black is then

, (et +b oz
= —_— . 5.16
XPI(T7ZI) XPI <CT+d’CT+d> ( )
On the other hand, from the relation (§.1§) between x'»; and X’ we have
, [art+b oz _omiez2 =2 lar+b oz
_ crtde T — . 5.17
XPI(CT—l—d’CT—Fd) ‘ P X\ordertd (5.17)
Thus the black hole contribution to x is
_m2? i _cz? b z
— T = —2mi crrdy/ ar + e . 5.18
X(T,Z]) e 2 XPI(T7ZI) € X cr+d er+d ( )

The next step is to sum over all inequivalent black holes to get the complete elliptic
genus. This means summing over the subgroup of I' = SL(2,7Z) corresponding to inequiva-
lent black holes or, more precisely, distinct ways of labelling the contractible cycle in terms
of time and space coordinates. As explained in [[J]] the inequivalent cycles are parameterized
by I'eo \ I'; so it seems natural to write

- c2? b z
= Y iy ar + Iy 5.19
x(721) r \Fe X <c7'+d’c7'+d ( )

However, as emphasized in [E], this cannot be correct since the sum is not conver-
gent. Instead we should compute not the elliptic genus but instead its Farey transform,
introduced in section fl. This amounts to first replacing x’ by

X(721) = Z;nu &(m — 3“2)9%(77 2p)e?mim )T (5.20)
with ¢ defined as in (R.23). We interpret this as the polar part of a weak Jacobi form
of weight 3 and index k. Instead of (b.19) we therefore write

. 3 _omjezt +b oz
= d)~3 2micig o (9T — . 21
(o) = 30 er e (Lt (5.21)

In the D1-D5 system this agrees with the Farey transform of the CFT elliptic genus.
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5.4 High temperature behavior

The high temperature (75 — 0) behavior of (F.21) is governed by the free energy of a BPS
black hole. The leading exponential behavior can be read off from the term

(a be d)=(0 —11 0), m=0, n =0, pl=r!, (5.22)

which gives

2miz 2mikzg
+215%0

X(T,21) ~e  r (5.23)

We can compare with ([.17) by performing the spectral flow (R.18) 29 — 2 + % This
yields
itk 2miz?
In x N — — .
Noting that this agrees with the holomorphic part of (.17), we find that the corresponding

entropy is is indeed that of a BPS black hole,

(5.24)

c c 1

s = 27T\/6(L0 - — - ZqQ) . (5.25)

This is just the leading part of the entropy, and is insensitive to the distinction between
the elliptic genus and its Farey-tail transformed version.

6. Supergravity fluctuations

To compute the elliptic genus we need to know the spectrum of BPS states, as described by
the coefficients c(m — % ©2). In this section we consider the contribution from supergravity
states, which are obtained from the fluctuation spectrum of 10 or 11 dimensional super-
gravity compactified on AdSs times some compact space. Our computation generalizes one
given in [P4].

We will focus on the (0,4) case, corresponding to M-theory on AdS3 x 5% x Mg, as the
(4,4) case is quite well known. The (0,4) CFT on the AdS3 boundary describes M5-branes
wrapped on 4-cycles in Mg [] (the same CFT also describes black rings [R5].) Up to a
spectral flow, supergravity states can carry vanishing charges, ¢/ = 0. These charges are
instead carried by wrapped branes. So the contribution to the polar part of the elliptic
genus from such supergravity states is

/ .
X;ugra(7—7 Z[) = Zm Csugrd(m)62mmT . (61)

We will now compute X'sugm(T, zr) in order to extract the coefficients cgygrq(m).

6.1 Spectrum

It is conventional to compute the elliptic genus in the NS sector, related to the R sector
by the spectral flow (R.1§). In the NS sector the elliptic genus receives contributions from
rightmoving chiral primaries obeying h = %Q’O, where & is the eigenvalue of L. There will
be two types supergravity modes: dynamical modes and “singletons”. The latter are pure
gauge modes that are nonetheless physical. We first focus on the dynamical modes.
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Mg ng ny ng

CYs 0 | AL —1|2nb2 42
K3xT?| 2 22 42

76 6 14 14

Table 1: 5-dimensional supergravity spectra.

s=h—h | degeneracy | range of h = %(’jo
1/2 ny 1/2,3/2,...

0 ny 1,2,...

1 ny 1,2,...
-1/2 ng 3/2,5/2,...
1/2 ng 3/2,5/2,...
3/2 ng 1/2,3/2,...
-1 1 2,3,...

0 1 2,3,...

1 1 1,2,...

2 1 1,2,...

Table 2: Spectrum of (non-singleton) chiral primaries for AdSs x S x Mg [R6].?

We work with a 5-dimensional supergravity obtained by compactifying M-theory on
Mg, where Mg can be CY3, K3 x T?, or T corresponding to having N' = 2, 4, or 8 susy.
The 5-dimensional spectrum is written in the N/ = 2 language in terms of the number of
vectormultiplets ny,, hypermultiplets ny, and gravitino multiplets ng, in addition to the
graviton multiplet.

The chiral primaries form multiplets under the leftmoving SL(2,R) symmetry. In
table Y we list the spectrum of single particle chiral primaries that are also primary under
the leftmoving SL(2,R); i.e. are annihilated by L;.

Each chiral primary above lies at the bottom of an SL(2,R) multiplet obtained by
acting an arbitrary number of times with L_1.

6.2 NS sector elliptic genus

The contribution from supergravity states to the NS sector elliptic genus can be written
=0
Xng (1) = Trg [(—1)‘1 qL“} : (6.2)

where the trace is over chiral primaries, and ¢ = e2™7. As we have said, the complete
spectrum of single particle primaries corresponds to table fl and their SL(2,R) descendants.
Multiparticle chiral primaries are obtained by taking arbitrary tensor products of single
particle chiral primaries.
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The single particle spectrum starts at A, = Amein + S. The contribution of a bosonic

tower (° even) is then

[c e Ie OlENe o]

895, (7) H H Z g hmin +049) H H — mm+8+£+p) . (6.3)

{=0 p=0m=0 ZOpO

In the above, m stands for the number of particles; p for acting with (L_1)P; and ¢ for
h = Bmm + £. Now define n = ¢ 4+ p + 1, so that there are n distinct terms with the same
power of ¢. Then we can write

s = 1 | (6.9

n=1

The computation for fermions is analogous, and gives
e n
fer H |: mzn*1+ni| . (65)

We can simplify the infinite products using

o0

1— 1+n n o _
H 2y — ﬁ ! (6.6)
ool ook 1 _ q 1 _ qn+1) ’
where the McMahon function is defined as
M(q)= [0 —g¢"" . (6.7)
n=1

The overall power of M (q) will be equal to ngp — np, the number of fermonic towers
minus the number of bosonic towers. From the degeneracies in table f| and the entries of
table [l we have

np—ng =ng+3nsg—2ny—4=1{0 K3 xT?or T2(h'? — hb!) = —Euler CY3 (6.8)

where “Euler” denotes the Euler number.

From table E we read off the spectrum of hy,;,. For bosons we have: ny + 1 towers
with A = 1; (ny + 2) towers with Ay, = 2; and 1 tower with Ay, = 3. For fermions
we have: (ng + ng) towers with h,,;, = 1; and 2ng towers with h,,;,, = 2. We then find
the supergravity elliptic genus to be

e}

X%Lgra(T) _ M(q)fEuler H(l o qn)nv+372ns(1 o anrl) ] (69)

n=1
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6.3 Spectrum of gauge fields and their Chern-Simons couplings

We now discuss the three dimensional spectrum of gauge fields relevant to compactifying
M-theory on AdSs; x S? x Mg, with Mg being T, K3 x T? or CY3. Besides being an
important general property of these theories, the precise spectrum will needed in the next
subsection when we work out the singleton contribution to the elliptic genus.

In five dimensions there are a total of ny + 2ng + 1 gauge fields, the +1 coming from
the gauge field in the graviton multiplet. The action for these gauge fields includes the
Chern-Simons coupling [ CTVE A ANFyAFi, where CT7K is the intersection form on Mg. To
pass to the three dimensional description we reduce on S? in the presence of magnetic flux,
pr = % f52 F;. The three dimensional Chern-Simons term is therefore fCIJKpKAI A Fj.
In addition to these U(1) Chern-Simons terms we also have the SU(2) Chern-Simons term
for the S? Kaluza-Klein gauge fields.

We now discuss each of the choices of Mg in turn.

T6
M-theory on T has 27 gauge fields transforming in the 27 of the Eg(6) duality group.

C1/K i the Eg cubic invariant. We consider the case where

The Chern-Simons coupling
we turn on a single magnetic charge. It is then convenient to decompose the 27 under an
SO(5,5) subgroup as 27 — 16 + 10 + 1, and to turn on the singlet. The cubic invariant
decomposes as 273 — 1-10-10 + 16 - 16 - 10. The three dimensional Chern-Simons term
is then [¢’/A; A Fy where ¢!/ = diag((+1)5, (—1)®) is the SO(5,5) invariant quadratic
form. So we find 5 leftmoving and 5 rightmoving U(1) currents, in addition to the right-
moving SU(2) R-currents.

This result has a simple interpretation if we take, by U-duality, the charge to correspond
to a wrapped fundamental string in ITA compactified on T°. The (5,5) currents correspond
to momentum/winding charges on the 5 transverse compact dimensions. In addition, on
the worldsheet there are three additional left and right moving currents corresponding to
translations in the noncompact directions.

In comparing the AdS and worldsheet descriptions we note two basic facts. First,
although this charge configuration is expected on general grounds to yield a near horizon
AdS3 x 5% x T% geometry, this is yet to be shown. Just keeping the two derivative terms in
the spacetime action leads to a naked singularity. Furthermore, in this case there are no R?
corrections in the action that might stabilize the geometry in analogy with other examples.
Establishing the existence of a stabilized geometry requires a better understanding of R*
type terms than is currently available. Second, while the (5,5) currents are found to match
in the AdS and worldsheet descriptions, we note that the translation currents are absent on
the AdS side. On the worldsheet there are 3 left and 3 rightmoving currents corresponding
to motion in the transverse noncompact directions. These center of mass degrees of freedom

have been “factored out” in passing to the near horizon geometry.

K3 x T?
M-theory on K3 x T? has duality group SO(21,5) x SO(1, 1), as is readily understood
by dualizing to the heterotic string on 7°. There are 27 gauge fields transforming as

,23,



26 + 1 under SO(21,5). By direct computation on the heterotic side one finds that the
Chern-Simons coupling in five dimensions is of the form ngAI A Fj A Fy7, where ¢!/
is the SO(21,5) invariant quadratic form, and Fy; refers to the SO(21,5) singlet gauge
field. Magnetic charge with respect to the singlet corresponds to an Mb5-brane wrapped
on K3, dual to a fundamental string on the heterotic side. We consider turning on only
this magnetic charge, Again, in the two derivative approximation this yields a singular
spacetime solution, but in this case it has been shown explicitly [[] that R? corrections
stabilize the geometry into a smooth AdS3 x S? x K3 x T?. Reducing the five dimensional
Chern-Simons term to three dimensions yields [ g'7 A;AF;. We thus find that the spectrum
of currents matches up with the worldsheet structure of the heterotic string. Again, the
translational currents are absent in the AdS picture; adding them in yields the (24,8)
spectrum of currents corresponding to the transverse modes of the heterotic string.

CY3

There are ny + 1 = h'! gauge fields with five dimensional Chern-Simons coupling
f CHE A; N Fy N Fi where C17E is the intersection form of the CY3. Reduction to three
dimensions give a signature (ny, 1) Chern-Simons term, as follows from the Hodge index
theorem (see [f]).

6.4 Including singletons

Singleton modes are pure gauge configurations that are nonetheless physical in the presence
of the AdS3 boundary. To see why, consider the case of a U(1) gauge field with Chern-
Simons term. The configuration A,, = 9, A(w) is formally pure gauge, but from (B.15) it
carries the nonzero energy T, = 8%(8“}1\)2, and hence is physical. This is possible because
the true gauge transformations must vanish at the boundary and it is only those that leave
the stress tensor invariant. The singleton states are described in the CFT as J_;|0), where
J is the current corresponding to A. We also have the SL(2,R) descendants of these states.

A similar story holds for singletons associated with diffeomorphisms that are nonvan-
ishing at the boundary. These correspond to the states L_3|0) and SL(2,R) descendants
thereof. The explicit form of the diffeomorphisms is given in [2§].

We can now work out the contribution of the singletons to the elliptic genus of the
(0,4) theory. The computation is the same as in (p.d) except without the product over
harmonics ¢. The leftmoving currents have h,,;, = 1, and the stress tensor has h,,;, = 2.

If there are ny, leftmoving currents then the contribution of singletons is

[e.e]

; 1 1
sing
& = =g = (010

n=1

Now, we found in the previous subsection that
np={5 T%21 K3xT?ny CY3 . (6.11)
We find the full results by multiplying (6.9) and (p.10):

XNS = Xl wd ={1 T° 1 K3xT? M(q)™*[[2,(1-¢")? OY; (6.12)
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We find that in the 7% and K3 x T? cases the singletons precisely cancel the dynam-
ical contribution (p.9). For the CY3 the dependence on ny cancelled. Note that these
conclusion are a result of cancellations between propagating states from table P and the
singletons.

6.5 R sector

As far as the supergravity fluctuations are concerned, the NS and R sector elliptic genera
are identical in the (0,4) case. In general we have the relation (2.1§), but in the (0,4) case
there is no zg since there is no leftmoving R-symmetry. So in (.13) we can trivially replace
NS by R.

7. Contribution from wrapped branes

The final ingredient in the computation of the elliptic genus is the contribution
from wrapped branes. In [P4] it was shown that this computation is equivalent to the
Gopakumar-Vafa derivation [29] of the topological string partition function from M-theory.
The same argument applies here, and so we can be brief.

The elliptic genus receives contribution from M2 branes and antibranes wrapping 2-
cycles in Mg and carrying angular momentum on S? B4. In the general C'Y3 case an
explicit result requires a determination of the BPS spectrum of M2-branes. In the 7% and
K3 x T? examples emphasized here there are drastic simplifications, as discussed in [B(].
In the 7% case there is no contribution at all since the M2-branes are in sufficiently large
multiplets to mutually cancel. In the K3 x T? case there is a similar cancellation except
for M2-branes wrapping T2. These M2-branes precisely reproduce the known correction to
the topological string partition function on K3 x T?2. From the standpoint of section [p.3,
these M2-branes are states electrically charged with respect to Fb7, which we recall was
the one special gauge field not appearing in the Chern-Simons term.

8. Discussion and open questions

Let us review what has been achieved. We have shown, following the ideas in [{], how to
systematically compute the elliptic genus (or rather, its Farey tail transform) of string/M-
theory on AdSs using supergravity. What makes this possible is that the long distance
theory on AdSs is topological, allowing for the exact determination of currents and stress
tensors. The currents and stress tensor can be integrated to find the action, and then
summing over the space of solutions yields the elliptic genus. What distinguishes different
examples from one another is the precise spectrum of currents and the spectrum of BPS
states supporting nontrivial holonomies. We also noted that the same approach can be
employed in the computation of the full partition function, but here one would need the
full spectrum of states and not just its BPS sector, and so explicit results are not possible.

To be more specific, the path integral evaluation of the Farey tail transformed elliptic
genus led to the expressions (5.20)-(F.21)). The theta function arises from summing over
the allowed class of gauge fields, where it’s important that we have correctly included all
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boundary terms in the action. The term in the exponential of (f.20) is the contribution of
the purely gravitational part of the action. Finally, the coefficients ¢(m — i ©?) encode the
spectrum of BPS states, or more accurately their orbits under spectral flow. Once these
are known we can feed (p.20) into (.21]) to complete the computation.

The é(m — %/ﬂ) are computed from the spectrum of supergravity fluctuations and
wrapped branes. As discussed in section [}, the contribution from supergravity fluctuations
is extracted from the Kaluza-Klein spectrum for the compactification of interest. For the
contribution from wrapped branes we relied on the observation of [24] that this is equivalent
to the Gopakumar-Vafa computation of the topological string free energy.

Of course, one natural question is why we should be computing the Farey tail transform
of the elliptic genus, rather than the elliptic genus itself. Recall that the latter cannot
quite be extracted from the former, since states with m — i,uQ = 0 are projected out by
the transform. In [fJ] it was shown that this procedure is necessary in order for the CFT
result to take a natural form in terms of buk geometries. It would be nice to have a better
understanding of this from the bulk point of view

Our considerations have been from the bulk point of view of the AdS3/CFTs cor-
respondence. An exact expression for the CFT elliptic genus in the (4,4) case was the
starting point for [H], and corresponding study of the (0,4) case are the subject of recent
investigations [[Ld, [L1]]. This should lead to a more detailed understanding of the AdS/CFT
correspondence, and its connection with topological strings.
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A. Modular properties of the charged boson partition function

In this appendix we determine the modular transformation of the partition function for
a single charged boson by comparing the canonical and path integral formulations. This
illustrates some general features.

Consider a free compact boson of radius 2rR. We use the conventions of [[[] and set

o/ = 1. We define the partition function

Z(T, Z, 2) — (qq)71/24 TI' [qLoaiOGQﬂ—inL€27ring:| , (Al)
with
I - PR s
Lo == +L§, Lo=-'+L§"
n n
pLZE—i-wR, pR:E—wR. (A.2)

The partition function obeys the modular transformation rule

Z(

at + b z z 2micz? _ 2micz?
— cT+d cT+d Z 5 A3
CT—'—d, CT—'—d, C?"—d) € e (T’Z’Z)? ( )
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as is readily verified by direct computation. ([A.J) is to be compared with (R.10).
To explain the origin of the exponential prefactors in ([A.3)) we pass to a path integral
formulation. We consider

Zpi(1,A) = / DXe d (A.4)

with
1

T2

T or
and A" = constant. To relate potentials appearing in (A.1)) and (A.§), we use the
standard expression for the charges

dw

d
pL = 2% —wiian . pR= —274 50X | (A.6)

2 !

and then equate the charge dependent phases in the two versions. This yields
2= —imAy , Z=ind, . (A7)

We denoted the holomorphic part of the gauge field A,, because, in the body of the
paper, this component arises from an independent bulk 1-form A.

In the path integral formulation a modular transformation is a coordinate transforma-
tion combined with a Weyl transformation, and so it is manifest that

ar +b z z
cr+d er+d et+d

p[( ) ZZP](T,Z,Z?) s (AS)
where the transformation of z and Z just expresses the coordinate transformation.
What then is the relation between Zpy and Z?7 To find this we just carry out the

usual steps that relate Hamiltonian and path integral expression: f DXe S = Tre PH,

The only point to be aware of is that the Hamiltonian corresponding to the action ([A.5) is

not the factor appearing in the exponential of (A1), but differs from this by a contribution

quadratic in the potentials. In particular, we find

Zpi(t,2,2)=e 7 Z(1,2,%) . (A.9)

Combining (A-§) and (A29) we see that the modular transformation law of Z must be
w(z+2)

such to precisely offset that of e 72 . This is what (A.J) does.

Let us summarize the lessons just learned as applied to a more general setting. In the
canonical form ([A.]) properties such as spectral flow are manifest. In the path integral
form ([A.§) the modular transformation law is manifest. By relating the two versions we
can understand both properties. Furthermore, the analysis we performed is essentially
completely general, in that given an arbitrary CFT we can always realize the U(1) current

algebra in terms of free bosons. This is the way we derive (R.10) and (R.12), for example.
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B. Conventions

In this appendix we summarize our conventions.
We work in Euclidean signature with €12, = /g and el = 1/\/§ The rule for
integrating differential forms is

a=afx)dz' Ao Ade? - /a = /ddm ax) . (B.1)
The star operation in d-dimensions is

1
*dﬂ?u VANPIAN dxﬂp = meul"'uf’ﬂp+l...“ddfpﬂp+l VANSAAN diﬂud . (B2)

The components of a p-form are defined as
1
AP — EAELPI)M#de‘“ A Ndzhv (B.3)

so for a 1-form in d = 2:

*AW = et AV dz” +AD = — AP Hx AV = —AD) (B.4)

Useful wedge products are

AW A B = Afll)B,Sl)dac“ Adz” = \/ge“”Af})Bﬁl)dxl Adz?
AW AA® = LAD AR da A da” A da” = §/ge AP AR dat A dx® A da®

(e

*AW A BY = —EM”AS,I)B((,l)dx“ Ndx? = —\/§g‘“’AE})B£1)dx1 A dx? (B.5)
where the last formula applies in d = 2. From this it follows that
LA A BO Z B0 A AD Z AW 5 B0 (B.6)

Complex coordinates on the boundary are defined as w = o1 + i0y, where o9 is Eu-
clidean time. We then have the components of a vector

V1 — V9 v1 + U2
V. = — e —
w 5 y  Uw 9 )
v] = Toy + v, V2 =i(vy — vg) - (B.7)
Also useful are Hodge stars
*dw = —idw , *dw = idw . (B.8)

References

[1] G. Lopes Cardoso, B. de Wit and T. Mohaupt, Macroscopic entropy formulae and
non-holomorphic corrections for supersymmetric black holes, |[Nucl. Phys. B 567 (2000) 87
lhep-th/9906094]; Deviations from the area law for supersymmetric black holes,

| Phys. 48 (2000) 4§| [hep-th/9904008]; Corrections to macroscopic supersymmetric black-hole
entropy, [Phys. Lett. B 451 (1999) 309 [hep—th/9812087).

,28,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB567%2C87
http://arxiv.org/abs/hep-th/9906094
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FPYKA%2C48%2C49
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FPYKA%2C48%2C49
http://arxiv.org/abs/hep-th/9904005
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB451%2C309
http://arxiv.org/abs/hep-th/9812082

2]

H. Ooguri, A. Strominger and C. Vafa, Black hole attractors and the topological string,

Rev. D 70 (2004) 106007 [hep-th/040514§].

[3]

A. Sen, How does a fundamental string stretch its horizon?, JHEP 05 (2005) 059
[lhep-th/0411255]; Black holes, elementary strings and holomorphic anomaly, JHEP 0

2005) 06 ]; Stretching the horizon of a higher dimensional small black

hole, JHEP 07 (2005) 079 [hep-th/0505123]; Black hole entropy function and the attractor
mechanism in higher derivative gravity, UHEP 09 (2005) 039 lhep-th/0506177]; Entropy
function for heterotic black holes, JHEP 03 (2006) 00§ [hep-th/0508049).

A. Dabholkar, F. Denef, G.W. Moore and B. Pioline, Ezxact and asymptotic degeneracies of
small black holes, JHEP 08 (2005) 021 [hep-th/0502157|; Precision counting of small black

P. Kraus and F. Larsen, Microscopic black hole entropy in theories with higher derivatives,
VHEP 09 (2005) 034 [nep-th/0506176]; Holographic gravitational anomalies, |JHEP O

A. Strominger, Black hole entropy from near-horizon microstates, JHEP 02 (1998) 009
[hep-th/9712251]. V. Balasubramanian and F. Larsen, Near horizon geometry and black
holes in four dimensions, [Nucl. Phys. B 528 (1998) 229 [hep-th/9802194).

J.A. Harvey, R. Minasian and G.W. Moore, Non-abelian tensor-multiplet anomalies,

J.M. Maldacena, A. Strominger and E. Witten, Black hole entropy in M-theory, JHEP 12

R. Dijkgraaf, J.M. Maldacena, G.W. Moore and E.P. Verlinde, A black hole farey tail,

Talks by F. Denef, E. Verlinde, A. Strominger, and X. Yin at Strings 2006 (Beijing).

D. Gaiotto, A. Strominger and X. Yin, The M5-brane elliptic genus: modularity and BPS

T. Kawai, Y. Yamada and S.-K. Yang, FElliptic genera and N = 2 superconformal field theory,

G.W. Moore, Les Houches lectures on strings and arithmetic, hep—th/0401049.

J.M. Maldacena, G.W. Moore and A. Strominger, Counting BPS black holes in toroidal

V. Balasubramanian and P. Kraus, A stress tensor for anti-de Sitter gravity,

S. Elitzur, G.W. Moore, A. Schwimmer and N. Seiberg, Remarks on the canonical
quantization of the Chern-Simons- Witten theory, |[Nucl. Phys. B 326 (1989) 10§

S. Gukov, E. Martinec, G.W. Moore and A. Strominger, Chern-Simons gauge theory and the

J. Hansen and P. Kraus, Generating charge from diffeomorphisms, hep-th/0606230.

[4]
holes, [THEP 10 (2005) 094 [rep-th/0507014).
[5]
[ (2006) 029 [hep-th/0508219).
(6]
[7]
| 09 (1998) 004 [hep-th/980806().
8]
| (1997) 009 [hep-th/9711053).
[9]
hep-th/0005003.
[10]
[11]
states, hep—th/0607010.
[12]
[Nucl. Phys. B 414 (1994) 191| [hep-th/9306096].
[13]
[14]
type-II string theory, hep-th/9903169.
[15]
[ Phys. 208 (1999) 413 [hep-th/9902121].
[16]
[17]
AdS3/CFT(2) correspondence, hep—th/040322§.
[18]
[19]

J. Polchinski, String theory, vol. 1. An introduction to the bosonic string.

,29,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C106007
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C106007
http://arxiv.org/abs/hep-th/0405146
http://jhep.sissa.it/stdsearch?paper=05%282005%29059
http://arxiv.org/abs/hep-th/0411255
http://jhep.sissa.it/stdsearch?paper=07%282005%29063
http://jhep.sissa.it/stdsearch?paper=07%282005%29063
http://arxiv.org/abs/hep-th/0502126
http://jhep.sissa.it/stdsearch?paper=07%282005%29073
http://arxiv.org/abs/hep-th/0505122
http://jhep.sissa.it/stdsearch?paper=09%282005%29038
http://arxiv.org/abs/hep-th/0506177
http://jhep.sissa.it/stdsearch?paper=03%282006%29008
http://arxiv.org/abs/hep-th/0508042
http://jhep.sissa.it/stdsearch?paper=08%282005%29021
http://arxiv.org/abs/hep-th/0502157
http://jhep.sissa.it/stdsearch?paper=10%282005%29096
http://arxiv.org/abs/hep-th/0507014
http://jhep.sissa.it/stdsearch?paper=09%282005%29034
http://arxiv.org/abs/hep-th/0506176
http://jhep.sissa.it/stdsearch?paper=01%282006%29022
http://jhep.sissa.it/stdsearch?paper=01%282006%29022
http://arxiv.org/abs/hep-th/0508218
http://jhep.sissa.it/stdsearch?paper=02%281998%29009
http://arxiv.org/abs/hep-th/9712251
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB528%2C229
http://arxiv.org/abs/hep-th/9802198
http://jhep.sissa.it/stdsearch?paper=09%281998%29004
http://jhep.sissa.it/stdsearch?paper=09%281998%29004
http://arxiv.org/abs/hep-th/9808060
http://jhep.sissa.it/stdsearch?paper=12%281997%29002
http://jhep.sissa.it/stdsearch?paper=12%281997%29002
http://arxiv.org/abs/hep-th/9711053
http://arxiv.org/abs/hep-th/0005003
http://arxiv.org/abs/hep-th/0607010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB414%2C191
http://arxiv.org/abs/hep-th/9306096
http://arxiv.org/abs/hep-th/0401049
http://arxiv.org/abs/hep-th/9903163
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C208%2C413
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C208%2C413
http://arxiv.org/abs/hep-th/9902121
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB326%2C108
http://arxiv.org/abs/hep-th/0403225
http://arxiv.org/abs/hep-th/0606230

[20] J.M. Maldacena and L. Maoz, De-singularization by rotation, JHEP 12 (2002) 055
lhep-th/0012025];
O. Lunin, J.M. Maldacena and L. Maoz, Gravity solutions for the d1-d5 system with angular
momentum, hep—-th/0212210,.

[21] V. Balasubramanian, J. de Boer, E. Keski-Vakkuri and S.F. Ross, Supersymmetric conical

defects: towards a string theoretic description of black hole formation, |Phys. Rev. D 64
[ (2001) 064011 [hep-th/0011217)].

[22] O. Lunin, S.D. Mathur and A. Saxena, What is the gravity dual of a chiral primary?,
[ Phys. B 655 (2003) 189 [hep-th/0211297.

[23] S.D. Mathur, The fuzzball proposal for black holes: an elementary review, [Fortschr. Phys. 53
| (2005) 799 [hep-th/0502050].

[24] D. Gaiotto, A. Strominger and X. Yin, From AdSs/CFT, to black holes/topological strings,
lhep-th/0602046§.

[25] 1. Bena and P. Kraus, Microscopic description of black rings in AdS/CFT, JHEP 12 (2004)
[ 07( [hep-th/0408186].

[26] D. Kutasov, F. Larsen and R.G. Leigh, String theory in magnetic monopole backgrounds,
[Nucl. Phys. B 550 (1999) 183 [nep-th/9812027].

[27] F. Larsen, The perturbation spectrum of black holes in N = 8 supergravity,
| 536 (1998) 258 [hep-th/9805208];

J. de Boer, Siz-dimensional supergravity on S x AdSs and 2D conformal field theory,
[ Phys. B 548 (1999) 139 [hep-th/9806104;

[28] J.D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic
symmetries: an example from three-dimensional gravity, [Commun. Math. Phys. 104 (1986)

[ 201

[29] R. Gopakumar and C. Vafa, M-theory and topological strings, I, hep-th/9809187; M-theory
and topological strings, II, hep-th/9812127.

[30] S.H. Katz, A. Klemm and C. Vafa, M-theory, topological strings and spinning black holes,
[Adv. Theor. Math. Phys. 3 (1999) 1444 [hep-th/9910181].

,30,


http://jhep.sissa.it/stdsearch?paper=12%282002%29055
http://arxiv.org/abs/hep-th/0012025
http://arxiv.org/abs/hep-th/0212210
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD64%2C064011
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD64%2C064011
http://arxiv.org/abs/hep-th/0011217
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB655%2C185
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB655%2C185
http://arxiv.org/abs/hep-th/0211292
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FPYKA%2C53%2C793
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FPYKA%2C53%2C793
http://arxiv.org/abs/hep-th/0502050
http://arxiv.org/abs/hep-th/0602046
http://jhep.sissa.it/stdsearch?paper=12%282004%29070
http://jhep.sissa.it/stdsearch?paper=12%282004%29070
http://arxiv.org/abs/hep-th/0408186
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB550%2C183
http://arxiv.org/abs/hep-th/9812027
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB536%2C258
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB536%2C258
http://arxiv.org/abs/hep-th/9805208
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB548%2C139
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB548%2C139
http://arxiv.org/abs/hep-th/9806104
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C104%2C207
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C104%2C207
http://arxiv.org/abs/hep-th/9809187
http://arxiv.org/abs/hep-th/9812127
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C3%2C1445
http://arxiv.org/abs/hep-th/9910181

